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Applying the ”Complexity=Action” conjecture, we study the holographic complexity close
to crossover/phase transition in a holographic QCD model proposed by Gubser et al. This
model can realize three types of phase transition, crossover or first and second order, de-
pending on the parameters of the dilaton potential. The re-scaled late-time growth rate
of holographic complexity density for the three cases is calculated. Our results show that
it experiences a fast drop/jump close to the critical point while approaching constants far
beyond the critical temperature. Moreover, close to the critical temperature, it shows a
behavior characterizing the type of the transition. These features suggest that the growth
rate of the holographic complexity may be used as a good parameter to characterize the
phase transition. The Lloyd’s bound is always satisfied for the cases we considered but only
saturated for the conformal case.
PACS numbers: 11.25.Tq, 12.38.Mh, 03.65.Ud
I. INTRODUCTION
In recent years, AdS/CFT [1–3] or the general holography duality has attracted lots of at-
tention and efforts in community of physics. It has been successfully applied in various areas of
modern physics, including QCD [4–6], condensed matter physics (CMT) [7–11], cosmology [12] and
quantum information theory [13–15]. Within this duality, quantities in the boundary field theories
correspond to certain geometric quantities in the dual bulk gravitational theories. Recently, it is
proposed that growth of quantum complexity of the boundary state is dual to the growth of the
geometry of the interior of the black hole in the bulk [16]. In quantum field theory (or quantum
information theory), complexity of a state is defined as the number of simple unitary operators
(gates) needed to prepare the state from a reference state (vacuum for example). So this quantity
measures the difficulty of producing the state of interest. Later, this proposal is refined into two
concrete conjectures. One is known as ”complexity=volume” (CV) conjecture [17], which states
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2that the complexity of the boundary state is equal to the volume of certain maximal spacelike
slice ending at the boundary. The other most recent one is known as ”complexity=action” (CA)
conjecture [18, 19], which states that the complexity of a boundary state is given by the on-shell
bulk action on the so-called Wheeler-deWitt (WDW) patch, namely
C(Σ) = IWDW
pi~
, (1)
where Σ is the time slice of the boundary where the QFT lives, and the WDW patch is the
domain of dependence of some Cauchy surface in the bulk ending on Σ at the boundary. It is also
conjectured that the growth rate of the complexity satisfies the Lloyd’s bound [20], that is
dC
dt
≤ 2M
pi
, (2)
where M is the average energy of the state at time t, which is dual to the energy of the bulk state
(for example the black hole mass). And it is saturated for neutral cases. Inspired by these works,
there raises an intensive interest in studying the holographic complexity and the Lloyd’s bound for
various holographic gravity models [21–53].
In this paper, we aim at studying the properties of complexity, based on the CA conjecture,
in the holographic QCD model proposed by Gubser and his collaborators [54, 55]. As we have
known for a long time that QCD is a strongly coupled theory at low energy, so it is difficult and
a challenge to study its low energy physic, such as confinement/deconfinement transition or etc,
with traditional methods. As a strong/weak duality, AdS/CFT may provide us powerful tools
to deal with strongly coupled problems in quantum field theory by mapping them to simpler
classical problems in the dual gravitational theory. In Gubser’s holographic QCD model, beyond
the usual Einstein gravity sector, a non-trivial dilaton field as well as a judicious choice of its
potential are introduced to break the conformal symmetry intending to mimic the equation of
state of the real QCD. The specific dilaton potential is parameterized by several constants, and by
choosing appropriate values of them, the model can exhibit a crossover behavior at some critical
temperature and the thermodynamical properties (such as the speed of sound) generated agree well
with the results from lattice QCD (lQCD) [56]. Moreover, by choosing other appropriate values of
the parameters in the dilaton potential, this simple model can also realize first and second order
phase transitions. Thus, in additional to mimic properties of the real QCD, this model can also
provide us a good background to study various phase structures of strongly coupled field systems
within the same framework. Many efforts have been devoted to investigate properties of this
model. In Ref. [57], various hydrodynamic transport coefficients are calculated. In Refs. [58, 59],
3quasinormal modes (QNMs) are calculated to probe the crossover/phase transition and a number
of novel features are observed which were absent in the conformal case. In Ref. [60], this model
is also extended to include the effect of finite chemical potential by including the Maxwell field in
the bulk, and thus a more complete phase diagram of QCD is studied.
In Ref. [61], we apply a non-local observable, the holographic entanglement entropy (HEE),
to probe the phase structures in the Gubser’s model for the three cases. It is found that HEE
experiences a fast drop or jump when the temperature approaching the critical point which can
be seen as a signal of confinement. Moreover, close to the critical point, HEE shows behaviors
characterizing the type of the transition. These properties of HEE suggest that we may use it to
characterize the corresponding phase structures. This work has been extended to including the
effect of the chemical potential in Ref. [62]. As there is a deep connection between the HEE and
holographic complexity, it is natural to study the critical behavior of complexity in this model to
see if it can also characterize the corresponding phase structures. Indeed, as we will show in the
main context, holographic complexity shows a novel behavior suggesting that it is a good parameter
to describe the corresponding phase structures.
The paper is organized as follows. In the next section, we will give a brief introduction of the
holographic QCD model proposed by Guber et al. Then, in Sec. III, thermodynamics of the model,
especially the entropy density, is discussed. In Sec. IV, behaviors of the late-time growth of the
holographic complexity close to the crossover/phase transitions is investigated. The last section is
devoted to summary and discussions.
II. REVIEW OF THE HOLOGRAPHIC QCD MODEL
We will consider the holographic QCD model proposed by Gubser et al in Refs. [54, 55]. The
model is a Einstein-dilaton theory with the full bulk action
S =
1
16piG5
∫
d5x
√−g
[
R− 1
2
(∂φ)2 − V (φ)
]
+
1
8piG5
∫
∂M
K, (3)
where the last term is the well-known York-Gibbons-Hawking (YGH) surface term which is required
to make the variation problem well-defined, and K is the trace of the extrinsic curvature of the
boundary. G5 is the gravitational constant, and we will apply the conventions that 16piG5 = 1 and
~ = 1 in the following discussions. To mimic the thermodynamics properties of the real QCD, the
authors assumes that the dilaton potential takes a specific form [58, 59]
V (φ) = −12 cosh(γφ) + b2φ2 + b4φ4 + b6φ6, (4)
4where γ, b2, b4 and b6 are four parameters whose values we can choose. It has the following pertur-
bation expansion at small φ
V (φ) ∼ −12 + 1
2
m2φ2 +O(φ4). (5)
The first term is the standard negative cosmological constant (note that we have chosen the unit
to set the AdS radius to be one), and the second term is the mass term with m2 ≡ 2(b2 − 6γ2).
According to the AdS/CFT dictionary, the dilaton field φ in the bulk is dual to a scalar operator
Oφ in the dual boundary field theory. The conformal dimension ∆ of Oφ is determined by the mass
as ∆ = 2±√m2 + 4. The mass square m2 can be negative and is constrained by the Breitenloner-
Freedman (BF) bound m2 ≥ −4 [63, 64]. Actually, including the non-trivial dilaton field in the
bulk is dual to making a deformation of the boundary conformal field theory (CFT)
L = LCFT + E4−∆Oφ, (6)
where E is an energy scale. In this paper, we only consider 2 ≤ ∆ < 4 which corresponds to
relevant deformations of the CFT.
By choosing suitable values of the parameters (γ, b2, b4, b6) in the dilaton potential, this model
can produce thermodynamical properties, for example the temperature-dependence of the entropy
density and the speed of sound, which agree well with the lQCD data. Moreover, by choosing other
appropriate values of the parameters, this model can also realize various types of phase transitions.
In this work, as in Refs. [58, 59, 61] and shown in Table 1, we will consider three sets of parameters,
labeled by VQCD, V1st and V2nd respectively. The parameters for VQCD are chosen to fit the lQCD
data from Ref. [56], and the system is known to possess a crossover behaviour at certain critical
temperature. Parameters of potentials V1st and V2nd are chosen so that the corresponding dual
field systems exhibit respectively the 1st, and the 2nd order phase transitions at certain critical
temperature.
potential γ b2 b4 b6 ∆
VQCD 0.606 1.4 -0.1 0.0034 3.55
V2nd 1/
√
2 1.958 0 0 3.38
V1st
√
7/12 2.5 0 0 3.41
TABLE I: Parameters for the three scalar potentials [59].
5From the action, we can derive the equations of motion
Rµν − 1
2
gµνR =
1
2
[
∂µφ∂νφ− 1
2
gµν(∂φ)
2 − gµνV (φ)
]
,
∇2φ = ∂V
∂φ
. (7)
As we want to study properties of the dual field system at finite temperature, we need black hole
solutions in the gravity side. To seek these solutions, we consider the following ansatz which takes
the Gubser’s gauge as in Refs. [54, 55],
ds2 = e2A(−hdt2 + d~x2) + e
2B
h
dz2.
φ = z, (8)
where A,B and h are only functions of the radial coordinate z (or, equivalently φ). The infinite
asymptotical boundary is z → 0 and the singularity at z → ∞, and the horizon φ = zH is
determined by the zero point of the blackening function h:
h(zH) = 0. (9)
It is easy to see that the metric (8) recovers the standard Schwarzschild-AdS black hole when
A = B = − ln z, h(z) = 1−
(
z
zH
)4
, φ = 0, (10)
which corresponds to the conformal case. Generally, it is difficult to get analytical solutions with
non-trivial dilaton configurations, so we follow the numerical strategy proposed in Refs. [54, 55]
to solve the field equations. Briefly, given one value of the horizon zH , one unique black hole
solution can be obtained. In this paper, we will vary the value of zH and obtain a family of black
hole solutions numerically, so that we can study the temperature-dependence of various physical
observable.
III. THERMODYNAMICS
In this section, with the numerical black hole solutions, we study the thermodynamics of the
dual field system holographically. We will focus on the temperature-dependence of the entropy
density.
From the ansatz Eq. (8) and in the units 16piG5 = 1 and ~ = 1, the Hawking temperature and
the entropy density can be obtained,
T =
eA(zH)−B(zH)|h′(zH)|
4pi
, s = 4pie3A(zH). (11)
6For the conformal case (10), restoring the unit and using the AdS/CFT dictionary, it is easy to
derive the following relation
s
T 3
=
4pi4
16piG5
=
pi2
2
N2c , (12)
where Nc is the group rank of the dual CFT and thus N
2
c can be seen as a rough count of the
number of degrees of freedom.
Using the numerical solutions, we show the temperature dependence of s/T 3 for the three non-
conformal cases in Fig. 1.
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FIG. 1: (color online) Temperature-dependence of entropy density for the three non-conformal cases. The
red dashed line in the middle panel denotes the unstable solutions.
For the case VQCD, thermodynamical properties, for example the square of the speed of sound
c2s, produced fit well with the lattice results [56, 58, 61]. The critical temperature Tc is defined by
the lowest dip of c2s, which in our present unit is Tc = 0.181033. See more details, please refer to
Ref. [61]. As shown in the left panel, the re-scaled entropy density s/T 3 experiences a crossover at
the critical temperature while approaching constant far beyond the critical point. This property
suggests that even in the non-conformal case, s/T 3 may be considered to approximately count the
effective number of degrees of freedom (DOF), namely we may have the relation
s
T 3
∝ effective number of DOF. (13)
As we will see later, this claim is also true for the other two cases, V1st and V2nd. Moreover, as
the temperature approaching Tc, the re-scaled entropy density s/T
3 drops quickly indicating that
the number of underlying degrees of freedom is largely suppressed, which can be understood as a
signal of confinement.
In the middle panel for the case V1st, we can see that in some temperature range, three branches
of solutions co-exist, in which two of them are stable (shown in solid curves) and one is unstable
7(shown in dashed curve). By comparing the free energy of the two stable branches of solutions,
it is found that there is a first-order phase transition in between at critical temperature Tc =
0.243901 [59]. Moreover, we can see that s/T 3 jumps as the temperature approaching Tc which
also indicates that the number of underlying degrees of freedom is largely suppressed suddenly,
and can also be seen as a kind of confinement. However, we should note that for the two cases
V1st and V2nd, we do not intend to mimic the real QCD, but rather realize various types of phase
structures within the same framework.
In the right panel for V2nd, there is a second-order phase transition with the critical temperature
corresponding to the zero point of the speed of sound cs. In our present units, Tc = 0.156841. And
once again, s/T 3 drops quickly as the temperature approaching Tc.
IV. GROWTH RATE OF HOLOGRAPHIC COMPLEXITY
In this section, we will study the behaviors of complexity holographically for the three non-
conformal cases close to the transition.
According to CA conjecture Eq. (1), to calculate the complexity of a boundary state, we need
to calculate the on-shell bulk action on the WDW patch. Rigorous calculation of the on-shell
action on this patch requires careful treatment of the contributions from the null boundaries of the
patch and their joints [65]. In Ref. [19], the authors argue that the growth rate of the holographic
complexity at late time can be given by evaluating the on-shell action in the spacetime region inside
the horizon z = zH (including the contributions from the two boundaries z = zH and z = ∞).
In this work, as we only concentrate on the growth rate of the holographical complexity at late
time, we can follow this strategy to do the calculations without knowing too much details of the
contributions from the null boundaries of the WDW patch and their joints.
By using the equations of motion Eq. (7), in the late-time interval [t, t + δt], the bulk term of
the on-shell action inside the horizon is
Sbulk =
∫
d5x
2
3
e4A+BV (z)
=
2V3
3
∫ t+δt
t
dt
∫ ∞
zH
e4A+BV (z)dz, (14)
and the YGH term is
SYGH = δtV3
[
e−4A−B∂r
(
e8Ah
)]∣∣∣∣∣
∞
zH
, (15)
8where V3 ≡
∫
d3~x is the volume of the boundary field system. So, the growth rate of the holographic
complexity density c ≡ C/V3 at late time is
dc
dt
=
2
3pi
∫ ∞
zH
e4A+BV (z)dz +
1
pi
[
e−4A−B∂r
(
e8Ah
)]∣∣∣∣∣
∞
zH
. (16)
As we rely on numerical calculations, we can not set z to infinity in practice. Actually, we set z to
a cutoff zc which is very big. It is found that the behavior of dc/dt does not affected by the exact
value of the cutoff which demonstrates the reliability of our calculations.
A. Conformal case: Schwarzschild-AdS black hole
To make a comparison with the conformal case, here we also show the results for the conformal
case Eq. (10). Using Eq. (16), the growth rate of the holographic complexity density at late time
is
dc
dt
=
6
piz4H
. (17)
It is easy to see that dcdt =
3
2piTs. Recalling that the energy density of the black hole is ε =
3
z4H
,
we have dc/dt = 2ε/pi saturating the Lloyd’s bound Eq. (2). Considering that the Hawking
temperature is T = 1pizH , it can also be written as
dc/dt
6pi3T 4
= 1. (18)
Restoring the unit, it can be written as dc/dt
6pi3T 4
= 116piG5 ∝ N2c . So the re-scaled growth rate of the
complexity density dc/dt
T 4
may also be seen as an approximate count of the degrees of freedom of
the boundary CFT.
B. The three non-conformal cases
In Fig. 2, we show the temperature dependence of the re-scaled growth rate of the holographic
complexity density for the three non-conformal cases.
From the figure, we can see that for the three non-conformal cases, the re-scaled growth rate
of the holographic complexity density exhibits behavior characterizing the corresponding phase
structures close to Tc: For the crossover case VQCD,
dc/dt
T 4
and its derivative with respect to the
temperature are both continuous at Tc; For the 1
st order case V1st,
dc/dt
T 4
is discontinuous at Tc;
For the 2nd order case V2nd,
dc/dt
T 4
is continuous at Tc but not its derivative with respect to the
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FIG. 2: (color online) Temperature dependence of the growth rate of holographic complexity density for the
three non-conformal cases.
temperature; While far beyond the critical point, it approaches zero as the temperature approaching
zero and approaches the conformal value as the temperature becomes high enough. This is a little
different from the behavior of holographic entanglement entropy [61] which does not approach
constant far beyond the critical temperature.
Similar to the conformal case, it can be checked that we still have the relation dcdt ∼ Ts so
dc/dt
T 4
∼ B(T )N2c , but now the proportional factor B(T ) is temperature-dependent. From Fig. 2,
we can see that B(T ) approaches its conformal constant value when the temperature is high enough
while approaches zero when the temperature is low enough. So B(T )N2c (or
dc/dt
T 4
) may be seen
as the temperature-dependent effective number of degrees of freedom (DOF). Namely, similar to
Eq. (13), we may also have the relation
dc/dt
T 4
∝ effective number of DOF. (19)
And as the re-scaled thermal entropy density s/T 3, dc/dt
T 4
may also be used as a good parameter
to characterize the type of phase transition. So, the fast drop or jump of dc/dt
T 4
near the critical
temperature can be physically understood as follows: as the temperature approaching Tc, the
field system undergoes confinement so that the number of degrees of freedom contributing to the
complexity is largely suppressed.
To check the Lloyd’s bound Eq. (2), we need to compare the growth rate of the complexity
dc/dt and the energy density ε. Using the thermodynamical relations, we have ε = Ts− p, where
the pressure p can be calculated as p =
∫ T
0 dT¯ s(T¯ ) [66]. In Fig. 3, we plot the re-scaled difference
between 2ε/pi and dc/dt. From the figure, we can always see that dcdt <
2ε
pi for the three non-
conformal cases. This means that the Loyld’s bound is always satisfied for the cases we considered
but only saturated for the conformal case. This implies that breaking the conformal symmetry will
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FIG. 3: (color online) The temperature dependence of δ, where δ ≡ ( 2εpi − dcdt )/T 4. It should be noted that
δ is very small but positive in the range T ≤ Tc.
decrease the growth rate of the complexity.
V. SUMMARY AND DISCUSSIONS
In this paper, we discuss the behavior of complexity close to crossover/phase transition in the
holographic QCD model proposed by Gubser et al [54, 55]. This holographic model is a Einstein-
dilaton system with a specific dilaton potential to fit the lattice results and reproduce the crossover
behavior of thermodynamical quantities. Moreover, this simple model can also realize first and
second order phase transitions by choosing other values of the parameters within.
Our results show that, for the three non-conformal cases, the re-scaled growth rate of the
holographic complexity density exhibits behavior characterizing the corresponding phase structures
close to Tc: For the crossover case VQCD,
dc/dt
T 4
and its derivative with respect to the temperature
are both continuous at Tc; For the 1
st order case V1st,
dc/dt
T 4
is discontinuous at Tc; For the 2
nd order
case V2nd,
dc/dt
T 4
is continuous at Tc but not its derivative with respect to the temperature; While far
beyond the critical point, it approaches constant suggesting that even for the non-conformal cases,
dc/dt
T 4
may be seen as an effective count of the number of underlying degrees of freedom. And as
the re-scaled thermal entropy density s/T 3, the growth rate of the holographic complexity density
may also be used as a good order parameter to characterize the type of phase transition. So the
fast drop or jump of dc/dt
T 4
near the critical temperature can be physically understood as a signal
of confinement.
Moreover, for the cases we considered, the Lloyd’s bound Eq. (2) is always satisfied but only
saturated for the conformal case, which implies that breaking the conformal symmetry will decrease
the growth rate of the complexity.
11
In this work, we only consider the CA conjecture. For the CV conjecture, it is a natural
expectation that dcdt ∼ Ts [17, 19]. As we have shown in Figs. 2 and 3, the entropy density s/T 3
shows a similar behavior as dc/dt
T 4
. So we can expect that dc/dt
T 4
exhibit a similar behavior in the CV
conjecture.
We only consider the holographic QCD model proposed by Gubser et al [54, 55]. Whether
our claim is still hold for other holographic models, for example other holographic QCD models
Refs. [67–75] and holographic superconductor models Refs. [7–11], needs further investigations.
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